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ANDERSON T-MOTIVES ARE ANALOGS OF
ABELIAN VARIETIES WITH MULTIPLICATION
BY IMAGINARY QUADRATIC FIELDS
D. Logachev
Abstract. What is a number field case analog of a Drinfeld module of rank r > 2?
Attached to this analog should be a lattice of rank r in C which seems impossible.
This question is answered in the present paper. More generally, we show that
the number field case analog of an Anderson T-motive of rank r and dimension n
is an abelian variety over C with multiplication by an imaginary quadratic field K,
of dimension r and of signature (n, r − n). This analogy permits us to get two
elementary results in the theory of these abelian varieties. Firstly, we can associate
to this abelian variety a (roughly speaking) K-vector space of dimension r in Cn
— this is the desired ”almost lattice”. Secondly, if n = 1 then we can define the
k-th exterior power of these abelian varieties. These results, in its turn, give more
evidence in favour of the analogy.
Probably this analogy will be a source of more results. A list of open problems is
given in the end of the paper. For example, it would be interesting to find analogs of
more general objects, for example Anderson T-motives whose nilpotent operator N
is not 0, see 4.4. A Hodge structure which is the Betti realization of this conjectural
object is given in 4.4.4.
0. Introduction.
The origin of the present paper is an analogy 1.8 between the following two ob-
jects corresponding to the function field case and the number field case respectively:
A. A T-motive M of rank r and dimension n, pure, uniformizable, having the
nilpotent operator N equal to 0 (see Section 1 for the exact definitions and the
origin of the analogy),
and
B. An abelian variety A over C with multiplication by an imaginary quadratic
field K (abbreviated as an abelian variety with MIQF), of dimension r and of
signature (n, r− n).
Using well-known constructions for T-motives, we get analogous constructions
for abelian varieties with MIQF. Firstly, let us consider the lattice L(M) associated
to a T-motive M of type A:
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C. L(M) is an r-dimensional Fp[θ]-lattice in C
n
∞, where Fp[θ] (resp. C∞) is the
functional analog of Z (resp. C).
Let us consider the lattice L(A) associated to an abelian variety A with MIQF:
D. L(A) is an r-dimensional OK -lattice in C
r (L(A) is not an OK -submodule of
Cr treated as OK -module).
Objects of types (C) and (D) are not quite analogous, isn’t it? The first result
of the present paper is the following construction
E. (rough statement): A defines an r-dimensional OK -submodule of C
n (not of
Cr ! ).
(E) is an analog of (C).
Secondly, it is known that if M of type A has n = 1 then its k-th exterior
power λk(M) is also an object of type A. By analogy, we can expect that if A is
an abelian variety with MIQF having n = 1 then λk(A) is defined, and is also an
abelian variety with MIQF. We really give this definition.
Both these results are of elementary nature, they could be known to Riemann.
But probably this analogy will be a source of more results. For example, it would
be interesting to define analogs of T-motives having N 6= 0.
The paper is organized as follows. In Section 1 we recall definitions of T-motives
and we formulate the results which are starting points (using the analogy 1.8) of
the results of Sections 2, 3. Section 2 contains the exact statement and the proof
of (E). In Section 3 we apply this result to construct exterior powers of abelian
varieties with MIQF having n = 1. Formally, these sections are independent of
Section 1, i.e. they do not require any knowledge of functional case. In Section 4
we formulate research problems.
Section 1. Origin of construction: T-motives.
A standard reference for T-motives is [G], Section 5, we shall use its notations
if possible. Let r be a power of a prime number,1 Fr(θ) (resp. Fr((θ
−1))) the
functional analog of Q (resp. of R), and C∞ — the completion of the algebraic
closure of Fr((θ
−1)) — the functional analog of C.
The definition of a T-motiveM is given in [G], Definitions 5.4.2, 5.4.12 (Goss uses
another terminology: ”abelian T-motive” of [G] = ”T-motive” of the present paper;
L of Goss should be considered as C∞). Particularly, M is a free C∞[T ]-module of
dimension r (this number r is called the rank of M) endowed by a C∞-skew-linear
operator τ satisfying some properties. A nilpotent operator N = N(M) associated
to a T-motive is defined in [G], Remark 5.4.3.2. We shall consider only pure ([G],
Definition 5.5.2) uniformizable ([G], Theorem 5.9.14, (3)) T-motives. Its dimension
n is defined in [G], Remark 5.4.13.2 (Goss denotes the dimension by ρ). Condition
N = 0 implies n ≤ r. A T-motive of dimension 1 is the same as a Drinfeld module,
they are all pure, uniformizable, and their N is 0.
If N(M) = 0 then attached to such T-motive is a lattice L = L(M) which is a
free r-dimensional Fr[θ]-module in C
n
∞, and if N 6= 0 then L(M) is a slightly more
1We use notation r instead of r of [G] in order do not confuse with the rank of a T-motive.
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complicated object, we do not need to consider details for this case. Inclusion of L
in Cn
∞
defines a surjective map
α = α(M) : L ⊗
Fr[θ]
C∞ → Cn∞ (1.1)
having the property
Restriction of α to L ⊗
Fr[θ]
Fr((θ
−1)) is injective (1.2)
Tensor product of T-motives M1, M2 is simply their tensor product over C∞[T ],
where the action of τ is defined by the formula τ(m1 ⊗m2) = τ(m1) ⊗ τ(m2). If
both M1, M2 are pure uniformizable then M1 ⊗M2 is pure uniformizable as well.
The same definition holds for exterior (resp. symmetric) powers of M . The dual
T-motive M∗ is defined in [L1].
1.3. It is easy to check that even if N(M1), N(M2) are 0 then N(M1 ⊗M2),
N(λk(M1)), N(S
k(M1)) are not 0. The only exception: if M is a Drinfeld module
(⇐⇒ n = 1) then N(λk(M)) = 0, this is an elementary calculation.
There is a natural problem to describe L(M1 ⊗M2), L(λk(M1)), L(Sk(M1)) in
terms of L(M1), L(M2). It was solved by Anderson (non-published), a formula
which is equivalent to this description is stated without proof in [P], end of page 3.
See [L1], Section 6 for more details and for the proof of the formula of Pink in the
case when N(M1), N(M2) are 0. Let us state the theorem for the case when all N
are 0 (and hence all L are lattices), i.e. M is a Drinfeld module of rank r. We need
Definition 1.4. For a short exact sequence of vector spaces over a field
0→ B1 i→ B2 → C → 0
we define its k-th exterior power as the following exact sequence:
0→ λk(B1) λ
k(i)→ λk(B2)→ Ck → 0
Now let us consider the exact sequences for M , λk(M)
0→ Ker α(M)→ L(M) ⊗
Fr[θ]
C∞
α(M)→ C∞ → 0 (1.5)
0→ Ker α(λk(M))→ L(λk(M)) ⊗
Fr[θ]
C∞
α(λk(M))→ Cn(r,k)
∞
→ 0 (1.6)
where maps α(M), α(λk(M)) are from 1.1, and n(r, k) =
(
r−1
k−1
)
is the dimension of
λk(M).
Theorem 1.7. There exists a canonical isomorphism from the k-th exterior
power of (1.5) to (1.6) such that the image of λk(L(M)) in (1.5) is L(λk(M)) in
(1.6).
Proof is completely analogous to the proofs for the case of dual T-motives ([L1],
Theorem 5) and for the case of tensor product of T-motives having N = 0 ([L1],
Theorem 6.2), hence it is omitted. 
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1.8. Origin of the analogy. We give here only a sketch of definitions; see
for example [W] for the exact statements. Let X be a Shimura variety and G a
reductive group over Q associated to X according Deligne. Let p be a prime of good
reduction of X . Hp(X) — the p-part of the Hecke algebra of X — is isomorphic to
H(G(Qp)) — the algebra of double cosets G(Zp)gG(Zp), g ∈ G(Qp). There exists
a Levi subgroup M of G having the following property:
The p-part of the Hecke algebra of X˜ (the reduction of X at p) is isomorphic to
H(M(Qp)).
See, for example, [W], p. 44, (*) and p. 49, (1.10) for the definition and properties
of M .
Example. If X is a Shimura variety parametrizing abelian varieties with
multiplication by an imaginary quadratic field K, of dimension r and of sig-
nature (n, r − n), then G(Q) = GU(n, r − n)(K). If p splits in K/Q then
G(Qp) = GLr(Qp) × GL1(Qp). Let in,r−n : GLn(Qp) × GLr−n(Qp) →֒ GLr(Qp)
be the inclusion of the subgroup of (n× r − n)-block diagonal matrices. Then the
inclusion M(Qp) →֒ G(Qp) is the inclusion
in,r−n ×GL1(Qp) : GLn(Qp)×GLr−n(Qp)×GL1(Qp) →֒ GLr(Qp)×GL1(Qp)
For the function field case an analog of this theory is conjectural, but preliminary
results of [L2] show that for abelian Anderson T-motives of rank r and dimension n
we have the same groups (up to the factor GL1): G = GLr, M = GLn ×GLr−n ⊂
GLr.
As a corollary we get that the dimensions of moduli spaces of both types of
objects (T-motives; abelian varieties with MIQF) are equal: they are n(r − n).
The below sections 2, 3 contain constructions of the number field case analogs
of the map α of (1.1), and of Theorem 1.7 respectively. From one side, finding of
these constructions was inspired by the analogy; from another side, their existence
is a support to the analogy.
2. Abelian varieties with MIQF. We shall fix an imaginary quadratic field
K = Q(
√−∆). For simplicity, an abelian variety A is treated up to isogeny, and
we restrict ourselves only by one fixed polarization form.
The main theorem 2.6 establishes an equivalence of objects of types B and E.
Definitions for the type B. Let A = V/DZ, V = C
r be an abelian variety with
MIQF, L = DZ⊗Z Q. Since we consider A up to isogeny, we shall deal only with L
and not withDZ. We fix an inclusion ι : K →֒ End (A)⊗ZQ defining multiplication,
and we fix an Hermitian polarization form H = B + iΩ of A on V , where B and Ω
are respectively its real and imaginary parts. There are two structures of K-module
on V : the ordinary one which is the restriction of the C-module structure, and the
*-structure (multiplication is denoted by k ∗ v, k ∈ K, v ∈ V ) coming from ι. L is
a K-*-module. We choose a basis x1, ..., xr of L/K (notations of [Sh]). According
[Sh], p. 157, (11) there exists a matrix T = {tij} ∈Mr(K) such that
∀k1, k2 ∈ K, i, j = 1, ..., r Ω(k1 ∗ xi, k2 ∗ xj) = TrK/Q(k1tij k¯2) (2.1)
([Sh], p. 157, (11)). T has properties
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(a) T¯ t = −T , i.e. iT is hermitian ([Sh], p. 157, (12)) and
(b) Signature of iT is (n, r − n) ([Sh], p. 160, (25)).
We restrict ourselves by those A whose T (it depends on x1, ..., xr) satisfy
T =
√−∆En,r−n (2.2)
where En,r−n :=
(
En 0
0 −Er−n
)
.
2.3. Definitions for the type E. We consider the set of triples (L,HL, α)
where
(1) L is a K-vector space of dimension r;
(2) HL is a K-valued Hermitian form on L of signature (n, r−n) such that there
exists a basis of L over K satisfying the condition:
the matrix of HL in this basis is En,r−n (2.4)
We denote by HL,C the extension of HL to L⊗K C.
(3) α : L⊗K C→ Cn is a C-linear map such that α is surjective, and
The restriction of −HL,C to Ker α is a positive definite form. (2.5)
Remark. This α is clearly an analog of α of 1.1. We see that conditions
of surjectivity of α hold in both cases, while the property 1.2 apparently has no
analog in the number field case.
Theorem 2.6. There is a 1 – 1 correspondence between the above A, ι, H —
objects of type (B) (here A is up to isogeny, and A has T satisfying 2.2), and the
above triples (L,HL, α) — objects of type (E).
Remark. If the restriction of α on L ⊂ L⊗KC is injective (this holds for almost
all triples (L,HL, α) ) then the K-vector space in C
n mentioned in (E) is α(L).
Proof. L is the same for both types (when we consider L for the type (E), we
omit * in k ∗ l). Let the triple (A, ι, H) of the type (B) be given. There is a
canonical decomposition V = V + ⊕ V − where
V + := {v ∈ V | k ∗ v = kv} (2.7)
V − := {v ∈ V | k ∗ v = k¯v} (2.8)
We denote by π+ : V → V + the projection along V −. Let β : L → V be the
tautological inclusion.
2.9. The triple (L,HL, α) corresponding to (A, ι, H) is constructed as follows.
We define
α : L⊗K C→ V + = Cn
by the formula α(l ⊗ z) = z · π+(β(l)). Formula 2.7 shows that it is well-defined.
The form HL is defined by the equality
∀l1, l2 ∈ L TrK/Q(
√−∆HL(l1, l2)) = Ω(β(l1), β(l2)) (2.10)
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Lemma. Formula 2.10 really defines HL uniquely.
Proof. Unicity: we fix l1, l2 ∈ L, and we consider a Q-linear form γ : K → Q
defined by the formula
γ(k) = Ω(β(k ∗ l1), β(l2))
There exists the only k0 ∈ K such that γ(k) = TrK/Q(k0k). We see that if 2.10
holds for all pairs k ∗ l1, l2, then necessarily
√−∆HL(l1, l2) = k0.
Existence: Let x1, ..., xr be a basis of L/K such that the corresponding T has
the form 2.2. We define HL by the condition that the matrix of HL in x1, ..., xr is
En,r−n. 2.1 implies that HL satisfies 2.10. 
To prove 2.5 we recall a well-known
2.11. Coordinate description. The Siegel domain for the present case is the
following:
H3n,r−n := {z ∈Mn,r−n(C) | En − zz¯t is positive hermitian } (2.12)
([Sh], p. 162, 2.6). For any z ∈ H3n,r−n we can construct an above abelian variety
Az (satisfying 2.2) as follows ([Sh]). We fix a basis e1, ..., er of V over C such that
e1, ..., en (resp. en+1, ..., er) is a basis of V
+ (resp. V −) over C. It defines the K-
*-action on V . Let x∗ (resp. e∗) be the matrix column of x1, ..., xr (resp. e1, ..., er).
They satisfy
x∗ = Y e∗ where Y =
(
En z
zt Er−n
)
(2.13)
([Sh], p. 162, (35), Type IV)2. Ω is defined by 2.1, 2.2. These conditions define Az.
Proof of 2.5. 2.13 implies that elements
λi := xn+i ⊗ 1−
n∑
k=1
xk ⊗ zki (2.14)
i = 1, ..., r− n, form a basis of Ker α. We have
HL(λi, λj) =
n∑
k=1
zkiz¯kj − δji = {ztz¯ − Er−n}ij
hence 2.12 implies 2.5.
So, we have constructed a well-defined map from the set of objects of type (B)
to the set of objects of type (E).
To construct the inverse map we need a definition. Let W be a C-vector space.
We denote by i(W ) the complex conjugate space together with a map i :W → i(W )
which is an isomorphism of R-vector spaces and satisfies i(zw) = z¯i(w), z ∈ C,
w ∈W .
2Shimura uses the formula Y =
(
En z
z¯t Er−n
)
; bar in the (2,1)-th block of Y disappears
because of the different system of notations of [Sh] and of the present paper.
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Let a triple (L,HL, α) be given. Let (Ker α)
⊥ ⊂ L⊗KC be the HL,C-orthogonal
space of Ker α, πα : L ⊗K C → Ker α the projection along (Ker α)⊥, and let us
consider the composition i ◦ πα : L⊗K C→ i(Ker α).
We let V = Cn⊕i(Ker α) (here Cn is the target of α), and we define the inclusion
L →֒ V by the formula
l 7→ (α(l), i ◦ πα(l))
This is an easy exercise for the reader to define polarization on V , to prove that
we get an abelian variety of type (B) and that this construction is inverse to the
one of 2.9. Let us indicate some steps of the proof. Let A = V/DZ be given, as
above. We need to consider the projection π− : V → V − along V + and a map
i ◦ π− : V → i(V −). The restriction of i ◦ π− to L is a map of K-vector spaces
(K-*-structure on L and the ordinary structure on V −), hence it can be extended
to a C-linear map L ⊗K C → i(V −); we denote this extension by i ◦ π− as well.
Ker α, Ker i ◦ π− ⊂ L⊗K C are HL,C-orthogonal: really, 2.13 implies that
π−(xi) =
r−n∑
k=1
ziken+k (i = 1, ..., n)
π−(xn+i) = en+i (i = 1, ..., r− n)
hence
i ◦ π−(xi) = i(
r−n∑
k=1
ziken+k) =
r−n∑
k=1
z¯iki(en+k) (i = 1, ..., n)
i ◦ π−(xn+i) = i(en+i) (i = 1, ..., r− n)
and hence Ker i ◦ π− is generated by elements
µi := xi ⊗ 1−
r−n∑
k=1
xn+k ⊗ z¯ik
i = 1, ..., n. ObviouslyHL,C(λi, µj) = 0. Clearly we have the canonical isomorphism
V − = i(Ker α). 
Remark. If the reader prefers he can use coordinates: a basis x1, ..., xr satisfying
(2.4) defines a n× (r − n)-matrix z = {zij} as follows (this is the same as 2.14):
α(xn+i) =
n∑
k=1
zkiα(xk)
(It is easy to prove that α(xk), k = 1, ..., n form a basis of C
n). Condition (2.5)
implies that z ∈ H3n,r−n (calculations coincide with the ones of the above Proof of
2.5). Let A = Az be the abelian variety corresponding to z. e1, ..., er, x1, ..., xr for
it are the same as in 2.11, Ω and hence H are defined by 2.1, 2.2 uniquely.
Section 3. Exterior powers of abelian varieties with MIQF having
n = 1.
Let (A, ι, H) be a triple of Theorem 2.6. The associated triple (L,HL, α) defines
an exact sequence of C-vector spaces
0→ Ker α i→֒ L⊗K C α→ Cn → 0
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Let us take the k-th exterior power of this exact sequence (Definition 1.4):
0→ λk(Ker α) λ
k(i)→֒ λk(L)⊗K C αk→Wk → 0
There exists an Hermitian form λk(HL) on λ
k(L); recall that
λk(HL)(l1 ∧ ... ∧ lk, l′1 ∧ ... ∧ l′k) = det{HL(li ∧ l′j)}
It is obvious that if n = 1 then the restriction of (−1)kλk(HL) to λk(Ker α) is
positive definite. This means that the triple λk(L), (−1)k−1λk(HL), αk satisfies
conditions of Theorem 2.6 and hence defines an abelian variety (up to isogeny)
λk(A) which is called the k-th exterior power of A. Its signature is
(
r−1
k−1
)
,
(
r−1
k
)
.
Remark 3.1. It is easy to see that if n 6= 1, r−1 then this construction cannot be
applied to abelian varieties of signature (n, r−n); we cannot also define symmetric
powers of abelian varieties with MIQF, as well as their tensor products. This is
clearly an analog of 1.3.
Remark 3.2. For the function field case there exists a natural definition of the
exterior power of T-motives and 1.7 is a theorem, while for the number field case
there is no such definition hence we must consider the above construction — an
analog of the Theorem 1.7 — as the definition of the exterior powers of abelian
varieties with MIQF.
Remark 3.3. This construction of exterior power can be continued to the
corresponding Shimura varieties. Let us recall some definitions of [D]. Attached to a
Shimura varietyX is an algebraic group G = GX over Q and a map h = hX : S→ G
over R, where S = Res C/R(Gm), satisfying some conditions. A map ϕ : X → Y
of Shimura varieties comes from a map Gϕ : GX → GY satisfying Gϕ ◦ hX = hY .
If X is a Shimura variety parametrizing abelian varieties with MIQF of signature
(r, s) then GX = GU(r, s). The map Gϕ : GU(1, r − 1) → GU(
(
r−1
k−1
)
,
(
r−1
k
)
)
corresponding to the above construction is evident. Really, let L, HL be of 2.3
(n = 1); then γ ∈ GU(1, r − 1) is an endomorphism of L (denoted by γ as well)
satisfying HL(γ(l1), γ(l2)) = λ(γ)HL(l1, l2). Clearly Gϕ(γ) is λ
k(γ) : λk(L) →
λk(L). It is an elementary exercise to check all compatibilities.
4. Open problems.
4.1. To find an algebraic construction of the exterior powers of an abelian variety
A with MIQF having n = 1, defined over a field F . This will permit us:
(a) To prove that λk(A) is defined over F as well (more exactly, a F -structure
of A defines a F -structure of λk(A));
(b) To define λk(A) for the case of F of finite characteristic;
(c) To find relations between F -ranks (i.e. Z-dimensions of the groups of F -
points); F -torsion points; and other invariants; of A and λk(A). These problems
have meaning for T-motives, and we can expect that answers will be analogous. For
example, let M be a T-motive defined over a field F , we denote by TorF (M) its F -
torsion points (more exactly, they are the F -torsion points of the corresponding T-
module). There exists an obvious monomorphism λk(TorF (M)) → TorF (λk(M)).
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The first step is to construct the analogous monomorphism λk(TorF (A)) →
TorF (λ
k(A)).
4.2. To compare theories of reductions of both types of objects A, B and to
check whether we get analogous results.
4.3. There is no complete analogy between α of 1.3 and 2.3, (3). For example,
in the number field case the restriction of α to L is not always injective but only
almost always injective. Maybe it is possible to generalize the notion of a T-motive
in order to make the analogy more precise?
4.4. Remark 3.1 and (1.3) inspire us to define an object (a generalization of an
abelian variety) which is an analog of T-motives having N 6= 0. The tensor product
of abelian varieties with MIQF should be this new object.
Maybe this object is a Grothendieck motive? If it is true we can find it by
the following manner using the below construction of a pseudopower of a Hodge
structure. Let us consider the following objects:
Table 4.4.1
M — a T-motive A — an abelian variety H1B(A) — its Betti realiza-
of rank r and dimension 1 with MIQF, of signature tion
(i.e. a Drinfeld module) (1, r− 1)
λk(M) — its k-th λk(A) — its k-th H1B(λ
k(A)) — its Betti
exterior power exterior power realization
(it has N = 0) defined in Section 3
We can pass directly from H1B(A) to H
1
B(λ
k(A)): this is an easy exercise. This
construction exists for H1B(A) where A is an abelian variety of any signature (n, r−
n). We denote this object by λk(H1B(A)) (i.e. if n = 1 then λ
k(H1B(A)) is equal to
H1B(λ
k(A)) up to a weight shift), we call it the k-th exterior pseudopower ofH1B(A).
See 4.4.4 for the definition of λk(H1B(A)) for the case k = 2, n = 2; the definition
for other values of n, k is similar. This permits us to consider the following
Table 4.4.2
M — a T-motive A — an abelian variety H1B(A) — its Betti realiza-
of rank r and dimension n with MIQF, of signature tion
having N = 0 (n, r− n)
λk(M) — its k-th X — an unknown object λk(H1B(A))
exterior power
(it has N 6= 0 if n > 1)
which is an analog of 4.4.1 for n > 1. We should have
HmB (X) = λ
k(H1B(A)) (4.4.3)
(for n = 2, k = 2 m is odd ≥ 3). If really there exists a Grothendick motive X such
that 4.4.3 holds for some m then we shall call X the k-th pseudopower of A, and
we can expect that X is a number field case analog of λk(M).
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4.4.4. Definition of an exterior pseudopower. Let A = V/LZ be an
abelian variety over C with MIQF K, of dimension r and of signature (2, r − 2).
Let H = B+iΩ be an Hermitian form on V , i.e. Ω|LZ ∈ Z. We denote L = LZ⊗ZQ.
The second exterior pseudopower of A is a polarized Hodge structure of weight
3 over Q with MIQF. We denote it by V¯ = ⊕
i+j=3
V i,j , and its Q-lattice by L2. To
define it, it is sufficient to define its projection on V2 := V
3,0 ⊕ V 2,1. So, we shall
define V2, the Hermitian form H2 on V2, the action of K on V2, and the image of
the projection of L2 to V2 which we shall denote by L2 as well. L2 should be a
K-module with respect to this action.
Let us consider the decomposition V = V + ⊕ V − where the action of K on V +
is the ordinary multiplication and the action of K on V − is the complex conjugate
multiplication. For l ∈ L we define l+ ∈ V +, l− ∈ V − by the property l = l+ + l−.
For a C-vector space W we denote by i(W ) the complex conjugate space together
with a map i : W → i(W ) which is an isomorphism of R-vector spaces and satisfies
i(zw) = z¯i(w), z ∈ C, w ∈W .
Definitions:
1. V2 := λ
2(V +)⊕ (V + ⊗ i(V −))⊕ λ2(V −);
V 3,0 := λ2(V +);
V 2,1 := (V + ⊗ i(V −))⊕ λ2(V −);
2. The inclusion λ2(L)→ V2 is defined as follows:
l1 ∧ l2 7→ (l+1 ∧ l+2 ; l+1 ⊗ i(l−2 )− l+2 ⊗ i(l−1 ); l−1 ∧ l−2 )
The image of this inclusion is, by definition, L2 →֒ V2.
3. The action ofK on V2 is defined as follows: it is the ordinary multiplication on
summands λ2(V +) and V +⊗ i(V −), and it is the complex conjugate multiplication
on λ2(V −) (it is clear that L2 is a K-module with respect to this action).
4. The definition of H2 is the following. Let α, β = 1, 2, viα , vjβ ∈ V ,
det(H(vi∗ , vj∗)) := det
(
H(vi1 , vj1) H(vi2 , vj1)
H(vi1 , vj2) H(vi2 , vj2)
)
We define: if viα , vjβ ∈ V + then H2(vi1 ∧ vi2 , vj1 ∧ vj2) := − det(H(vi∗ , vj∗));
if viα , vjβ ∈ V − then H2(vi1 ∧ vi2 , vj1 ∧ vj2) := det(H(vi∗ , vj∗));
if vi1 , vj1 ∈ V +, vi2 , vj2 ∈ V − then H2(vi1 ⊗ i(vi2), vj1 ⊗ i(vj2)) :=
H(vi1 , vj1)H(vi2 , vj2)
(subspaces λ2(V +), V + ⊗ i(V −), λ2(V −) of V2 are orthogonal with respect to
H2).
It is clear that H2 is positive definite on V
+ ⊗ i(V −) and λ2(V −), and H2
is negative definite on λ2(V +). This explains formulas V 3,0 = λ2(V +), V 2,1 =
(V + ⊗ i(V −))⊕ λ2(V −).
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